ABSTRACT During the working cycle of an external gear pump, hydraulic oil trapped between the pair of meshing gear and pinon teeth may exert high-pressure pulses due to periodic volumetric compression and expansion of the trapped volume. The pressure pulses cause excessive alternating radial loads on the gear shafts, partially responsible for the noise and vibration in the unit. To reduce the trapped pressure pulsation, a relief chamber that connected to the trapped volume to absorb the pressure pulsation is designed in place of the traditional relief grooves to avoid the reconciliation between cross port leakage and pressure pulsation reduction. A new lumped parameter model compatible 2D morphological approach is proposed based on the mapping of gear profile function from real coordinate space to a binary-valued matrix in the integer coordinate space, reducing the control area calculation problem from polygon segmentation and numerical integration to pixel counting, relaxing the computational difficulty in design evaluations. Initial results show that the proposed method can trace and calculate the area of the trapped region, and the relief chamber is capable of effectively attenuating the peak magnitude of trapped pressure pulses by 95%.
I. INTRODUCTION
External gear pumps are compact, robust, and low-cost rotary hydraulic components, where hydraulic oil travels in the fixed-size inter-tooth space (or tooth space volume, TSV) carried by a pair of rotating gear and pinon, delivering oil from intake to output port while converting shaft power into fluid power. The noise and vibration, however, are issues limiting their application to the mobile/heavy industry sectors [1] , [2] . The noise of an external gear pump may originate from many sources, e.g., the mechanical rolling contact during gears' meshing, the cavitation of the hydraulic fluid at the inlet due to suction, the pressure spikes in the trapped volume between a pair of meshing gears, or the sudden exposure of pressurized fluid in the trapped volume to the intake line [2] - [4] . Previous research pointed out that the trapped volume pressure spikes are the leading causes of the noise [3] , reducing the magnitude of which is the focus of this paper.
To reduce the pressure pulsation in the meshing region, traditionally in the gear pump making industry, relief grooves are implemented. Relief grooves are slender slots milled onto the inner side of the bearing blocks of the gears at the entrance and exit of the meshing region, redirecting the compressed fluid in the trapped volume to either the pressure or tank port, effectively relieving the high fluid pressure in the trapped volume [5] , [6] . However, the effects of pressure pulsation reduction and cross port leakage are coupled when using reliefs grooves, and design trade-offs have to be made for acceptable reduced pressure peaks and volumetric efficiencies [3] , [5] . For relief-groove-less pressure ripple reduction in the meshing region, Zhu et al. proposed a ripple chamber that connects to the trapped region via a fixed orifice [7] . However, the placement of the orifice could limit the duration when the trapped region and the ripple chamber is connected only for partial of the whole meshing cycle. To address these issues, an isolated chamber machined on the opposite of gear supporting side of the bearing block, consistently connected to the trapped volume via kidney ports is proposed in this paper, and the pressure pulsation attenuation is achieved through the damping effect of the combined volume and the compressibility of the hydraulic fluid.
The dynamic pressure solution with a relief chamber requires the time-varying trapped volume resolved at every gear shaft angle. In mechanical design processes of a positive displacement unit such as a pump or motor, many would involve with predefined dynamic boundaries where the either volume or position or both would change during an operating cycle, e.g., the irregular delivery volume of a gear pump. Since it is still very cost-effective to use lumped pressure dynamics in many of the engineering disciplinaries, one traditional way of determining gear tooth volume is through 2D modeling of the gear profile function, solving the projected area analytically or numerically then multiplied by the thickness of the gear. Manring and Kasaragadda [8] developed a planar geometric model for external gear pumps and used Taylor series to approximate the theoretical flow rate in closed form. Zhao and Vacca [9] studied the theoretical flow rate of an external gear pump with asymmetric involute tooth profile analytically. Mimmi and Pennacchi [10] formulated the volumetric flow rate relations analytically based on the gear pump kinematics. Since in most cases the profile of the control area polygon in a gear motor or pump is nonconvex and closed form analytical solution is only available for few cases, Vacca et al. used inhouse designed numerical toolHYGEsim to evaluate 2D gear profiles and solve the area numerically to couple with the lumped pressure dynamics in the inter-tooth spaces, which is later served as the input for structural and hydrodynamic analysis [11] - [13] . However, as the contour complexity goes up, so does the required polygon segmentation and definition of area of interest algorithm [14] . Beyond lumped approaches, another way is to first employ spatial discretization methods such as computational fluid dynamics (CFD), then solve the distributed pressure and flow fields in the TSV's [15] - [17] . However, one may have to first complete mesh generations with non-convex boundaries at each time step, then perform numerical integration along the boundaries for results analysis, the computational cost is higher than that of the lumped approach. To address the issues with previous control volume determination methods when used with a lumped pressure model, a morphological method is proposed, by mapping the predefined time-varying volumetric boundary of a dynamic system to a 2D binary valued set that represents the boundary as one's while the rest as zero's, the properties of a trapped region can be determined naturally through identification of an image pattern without the need of contour segmentation. This paper is organized as follows. In section 2, the design of a relief chamber connected to the trapped region to absorb the cyclic pressure pulses is demonstrated and the instantaneous projected area of the trapped volume is solved using a 2D morphological method. In section 3, a lumped parameter pressure dynamic model is derived, and the simulation conditions and processes are illustrated. In sections 4 and 5, the performance of the proposed algorithm and the effects of the relief chamber are evaluated and discussed.
II. GEOMETRY MODEL AND GRAPHICAL SOLUTION A. GEAR PUMP WITH A RELIEF CHAMBER
The cross-section of a typical external gear pump can be found in Fig. 1 . As the fluid travels through the pump, the fluid in the inlet will be transported by a pair of rotating gear and pinon to the outlet in ''pockets''. As the pockets of fluid travel to the meshing region of the two gears, an isolated space will be formed by the adjacent teeth and the hydraulic fluid inside is said to be trapped. The maximum and minimum trapped volume in Fig. 1 suggest high pressure pulsation for fluid with relatively low compressibility. To reduce the magnitude of the pressure spike in the trapped volume, the author proposes a relief chamber, as shown in Fig. 2 , a cavity machined on the opposite side of the bearing block that supports and seals the side of gears, connected to both trapped volume. As oppose to the fixed orifice position design in [7] , the connection of the trapped volume to damper is achieved through two kidney ports, which not only consistently absorbs the cyclic pressure spikes from a single trapped volume, but can also take advantage FIGURE 2. Gear and pinion subassembly with a relief chamber on the outside of the bearing block: x bearing blocks, y spur gear pairs, z trapped volume and kidney ports, and { relief chamber.
of the compression/expansion phase offset between the two trapped volume for partial ripple cancellation.
During the entire meshing process of a pair of teeth from engagement to disengagement, the relative position between the kidney ports and the side of the gears would cause the connected area between the trapped volume and the relief chamber to vary with the angular position of the gear but the effective orifice area stays constantly greater than zero. In fact, the relative motion is analogous to that of a port plate in an axial piston pump [18] , where the side land of the gear tooth acts as the ''plate'' that constantly blocks, partially blocks or unblocks the connection port between the trapped volume and the relief chamber.
According to the geometry relations between the side of the gear and the kidney ports shown in Fig. 3 , the instantaneous opened area, A 13 or A 23 , is the uncovered portion of the kidney port that connects the relief chamber to trapped volume 1 or 2, which can be approximated linearly by the equations below:
where θ o1 and θ o2 are the angles from the edge of the tooth to the edge of the kidney ports in clock-wise direction, θ k is the acute angle of the sector
which is identical to the angular width of a tooth, and A k is the total area of the kidney port. The key in studying the pressure ripples of a gear motor is the calculation of the volumetric compression/expansion process during a working cycle. Once the volume change with respect to time is defined, the pressure and flow characteristics can be readily obtained by conventional computational tools. To calculate the trapped volume, one way is to determine the projected area of the trapped volume on the bearing block first, then multiplied by the gear thickness [8] , [14] . The projected trapped area of the trapped volume between the meshing pair of teeth in the Cartesian coordinate system is enclosed by a group of functions defining the tooth profiles f i in Fig. 4 , which are time varying due to the change of orientation of teeth as the gear pair rotates.
The teeth profiles of a pair of gears are constructed based on an analytical gear tooth geometry model that takes number of teeth, pitch radius, and pressure angle as input, conforming to American Gear Manufacturer's Association (AGMA) standards [19] . The six segmented profile functions f 0 to f 5 based on the line properties and angular positions are
where (x, y) is the coordinate of a point on the boundary function f i in a Cartesian Coordinate System, ρ i is the instantaneous radius from the same point to the origin, θ i is the angle of the vector −−→ (x, y) with respect to the horizontal axis. In this work, the tooth profile is chosen to be involute, which is defined as
where r b is the radius of the base circle, φ is the involute angle. For the rest of the radius ρ i definitions, one can refer to [8] and [19] .
B. SOLVING THE TIME VARYING TRAPPED VOLUME-A MORPHOLOGICAL APPROACH
To address the issues with previous control volume determination methods when used with a lumped model, a morphological method is proposed. The predefined time-varying volumetric boundary of a dynamic system can be indexed into a 2D binary valued matrix that represents the boundary as one's while the rest as zero's, which are constantly updated as the boundary is in motion. In the mapping function below, f (x) is the boundary function of a control area in a real coordinate system, and g m is a mapping representing a series of morphological operations to covert the boundary functions to a resulted binary matrix B, where an integer coordinate (X , Y ) points to a Boolean element in B:
The proposed morphological operation manipulates the gear profiles in ''sets'', i.e., a rectangular binary matrix in Z space contrast to the traditional numerical integration of the VOLUME 6, 2018 profile functions in R space. The goal of this morphological operation, g m , is to extract the set B that only contains the desired pattern-the trapped region. At gear shaft angle θ , the gear teeth profiles are generated based on (3), and the two gears are aligned with initial angular displacement using the method described in Appendix A. The proposed method then maps the generated and aligned boundary functions f i from real coordinate space R to a binary valued 2D matrix I in the integer coordinate space Z, followed by three consecutive morphological operations, visualized in Fig. 5 .
The first operation is to map the calculated gear profile functions ( Fig. 5(a) ) from R space to a set I in Z space by thresholding (γ = 0.99) in image intensity, resulting
Equation (6) maps the profile function f i to features in I (Fig. 5(b) ), where the coordinate (x, f i (x)) corresponds to an element I (X , Y ) with a value of one, and the rest of zeros. In this way the gear profiles are reconstructed in I with width of one pixel.
Then, a dilation operation (⊕) is performed on the set of I with a structuring element M d , the feature in the resulted set ( Fig. 5(c) ) I d is dilated by two pixels in both X and Y directions to ensure the enclosure of the trapped region:
where
Moore-Neighbor Tracing is used for the identification of 8-connectivity boundaries in I d , i.e., the center element is said to be in connection with another if the other locates within the eight surrounding elements in a tessellation of 3×3 [20] , [21] . Once the boundary of the area is identified in I d , the morphological operation is finalized by an iterative conditional dilation operation [20] to fill out the hole enclosed by the boundaries defined by f i :
H c is a binary set of the same size of I d , with zeros padded everywhere except when the pixels are within the boundaries, which are then set to one's. The initial condition is that H 0 has a single ''one'', which is chosen to be the first pixel next to the boundaries inside the enclosed region. The stop criterion is H c = H c−1 .
To eliminate the unwanted boundaries, one more erosion operation is performed to the closed set H c , using a structuring element M e :
where M e = [00100; 01110; 11111; 01110; 00100]. Finally, the trapped area at a given instance of the angular position can be simply resolved by elemental-wise summation of B, which converts a nonconvex polygon integration problem in the real coordinate system into pixel counting in a binary valued matrix:
where H is the height of the gear tooth, m and n are the number of pixels in the X and Y directions, and δ x or δ y is the linear transformation coefficient when the pixel length in the horizontal or vertical axis is converted from Z to R, which is the ratio between the length and the number of pixels in X or Y direction. In this work, for non-skewed feature after transformation, they are identical and defined as
At some given instances of gear's angular position, more than one feature could present in set B. To ensure constant tracking of a single feature within a set when the gear pair is in motion, the following algorithm is used to ensure a minimum vector projects from the previous gravity center to the next of a same feature:
where k denotes the number of features within set B, (X c , Y c ) is the gravity center coordinates of the desired feature, and i denotes the angular position of the gear. An initial condition of (X c0 , Y c0 ) is provided by user at code initialization.
III. PRESSURE DYNAMICS
A diagram of the trapped volume of the gear motor with the proposed relief chamber is shown in Fig. 6 . The control volume can be represented by three lumped volume: a relief chamber, two kidney-shaped connection ports, and two trapped volume. The key design parameter is the relief chamber to trapped volume ratio (V 1 /V 2 ), which dictates how much fluid is available for the purpose of pressure pulsation attenuation. The trapped volume is connected to the relief chamber via a kidney-shaped connection port, the lumped pressure inside the trapped volume is a function of cyclic volumetric compression and expansion of the trapped volume and the flow through the connection port, described as:
where β e1 is the effective bulk modulus of oil in trapped volume 1,ṗ 1 is the time derivative of the pressure of trapped volume 1,V 1 is the volumetric time derivative of the trapped volume 1 with respect to time, obtained from previous section, q 13 is the volumetric flow rate through the kidney port from trapped volume 1 to the relief chamber, where the outgoing flow is defined positive. The time varying pressure of trapped volume 2 is described as:ṗ
Since the volume of the relief chamber is constant, its time derivative term reduces to zero, and the only dynamic terms is the oil flow through the kidney ports to trapped volume 1 and 2.ṗ
Combining (13), (14) , and (15) 
To establish the pressure dynamic model for the trapped volume and the relief chamber, the effect of compressibility of the oil with entrained gas is modeled using the two-phase isentropic model by Cho et al. [22] 
where p 0 is the atmospheric pressure, γ h is the heat capacity ratio, R is the volumetric fraction of entrained air at p 0 pressure, and β 0 is the bulk modulus of oil without air. The flow through the connection port between the trapped volume and relief chamber is modeled using discharge flow equation
where c q is the discharge coefficient, A ij is the orifice area of the kidney port connecting the specific trapped volume to the relief chamber, p ij is the pressure differential across the connecting port, and ρ o is the density of hydraulic oil. Beyond the previous constitutive laws, since the trapped volume within a gear pump is sealed hydrodynamically, the viscous leakage characteristics can be estimated by Poiseuille and Couette flow. Due to the circular symmetry of a gear about its rotational center, the Couette flow in most of cases is self-cancelled thus not modeled. However, since the projected area of the trapped volume constantly varies, fluid could be brought into or out of the trapped volume through viscous effect. Thus, the volumetric leakage flow rates are modeled as:
where p lkn is the pressure differential across the hydrodynamic region, which dynamically depends on the relative position between the trapped volume and pump inlet or outlet, w, L, h and are the respective width, length and height of the planar leakage passage, subscript s denotes the respective geometry properties for Couette flow calculation, and µ is the dynamic viscosity of the hydraulic fluid. The trapped region is enclosed by the gear teeth and sealed by parallel surfaces around it hydrodynamically. As shown in Fig. 7, q lk1 designates the leakage between the two trapped VOLUME 6, 2018 FIGURE 7. The considered leakage passages in the simulation. Note: though the contact stripes are drawn in 2D, which actually consist of flow regions not only along the flank of the gear, but two additional regions on the two sides of the tooth, parallel to the orientation of the image.
volume near the contact, q lk2 and q lk3 denotes the leakage between a trapped region and the inlet or outlet of the pump, depend on the instantaneous location of the trapped region, q c1 and q c2 are the Couette leakage flow due to relative motion of the teeth. Since the length of the contacts between the two meshing teeth is a strip (ideally a line but due to contact stress and surface roughness, a narrow strip is considered instead) parallel to the rotation axis of the gears, which length L is much shorter than the rest, it is therefore assumed that the dominated Poiseuille leakage flow within a trapped volume is through the two meshing contact stripes. h is determined based on the roughness of the teeth contact surfaces, for an arithmetic average roughness value of R a = 0.8 µm, the maximum hydrodynamic clearance at contact would be double R a , or 1.6 µm. For everywhere else, the hydrodynamic film thickness h is set to 5 µm. The Couette flow rate is equivalent to the net rate of trapped area change, which satisfies u s w s h s /2 =V 1 h s /2H by comparing (19) to (10) . Also, it needs to be pointed out the constant leakage from the output of the pump to the intake is not considered since the interest of this paper is on the dynamic characteristics of trapped volume.
The flowchart of the whole calculation process is illustrated in Fig. 8 . The calculation starts after the gear geometry, fluid property and dimensions of the relief chamber are initialized and checked. Then the gear profile functions are processed through the proposed methods from (6) to (12) , outputting the time-varying trapped area via pixel integration. Finally, the resolved trapped volume is applied to the pressure dynamics equations (16) to (19) and solved using an explicit 4th order Runge-Kutta algorithm.
Simulation settings are: the temporal and angular resolutions for the solver are 1 ms and 0.1 degree, respectively. The thickness of the tooth is 50 mm. The rest of the simulation parameters are in Table 1 . 
IV. RESULT AND DISCUSSION

A. GEOMETRY SOLUTIONS
Based on (1) and (2), the instantaneous effective kidney port area is calculated and shown in Fig. 9 . This result is used as an input to the simulation.
After applying the proposed method in (5), the trapped area between the adjacent gear teeth can be determined, the results are shown in Fig. 10 , where the calculated area and the successful tracing of desired pattern within set B at five sample points are demonstrated. Akin to CFD and FEM, the accuracy of the proposed morphological method is governed by the spatial resolution, which in this work is the pixel density. To study the effect of pixel density on the accuracy of the results, seven different values of pixel density ranging from 82 ppi (pixels per inch) to 1066 ppi are selected and tested, the results are shown in Fig. 11 . In the same figure, the ''actual'' area of the trapped volume at minimum is also given as a reference, obtained by manual integration, which is the analytical result. Obviously as pixel density increases the value gets closer to the integrated results, and the transition of the curve gets smoother. A more throughout analysis on the algorithm convergence and time consumption trade-offs can be found in Appendix B. Fig. 12 shows the calculated trapped volume as a function of gear shaft angular position for a gear with a pixel resolution of 656 ppi. The proposed algorithm is capable of capturing the dynamic behavior of the two trapped volume (for a gear pump without backlash). For the 11-toothed gear used in this study, the peak to peak angular difference is consistent with the pitch angle, which is 32.7 degree. 
B. TRAPPED PRESSURE DYNAMICS
To validate the proposed morphological method, the calculated trapped pressure in this paper is compared to [17] under the same gear geometrical settings, boundary and initial conditions, shown in Fig. 13 . Since [17] reported multiple average sampled pressure values along the rotation axis of the gear, average pressure values near the bearing block and center of the gear are chosen. Result in the paper is bounded by the maximum and minimum of the pressure fluctuation in [17] . The shallow slope of pressure near 0 to 10 degree is due to the partial connection of the trapped volume to the delivery port (6 MPa) through the relief groove at the respective angular positions.
C. EFFECT OF RELIEF CHAMBER VOLUME
The difference between the peak and valley values of trapped volume in Fig. 12 would generate a pressure pulsation with a magnitude over 90 MPa, as shown in the pressure trace of the undamped case in Fig. 14 . By implementing the proposed damping chamber with volume twice that of the trapped region, the pressure attenuation effect is shown in Fig. 14. The maximum pressure has been reduced significantly, from 90 MPa to under 10 MPa, which is easily handled by traditional fluid power component design. Since in this design, both trapped volume is connected to the damping chamber through the relief grooves, the frequency of the pressure ripples has been doubled. VOLUME 6, 2018 FIGURE 13. The trapped pressure calculation results (teeth number of 7) using the proposed morphological method compared to the ones using 3D CFD reported by Yoon et al. [17] : P1 and P4 denotes two virtual pressure sensors placed in different heights of the cross-section plane along the gear rotation axis, where P1-near the bearing block, P4-near the gear center plane. Note the angular position axis is shifted linearly from 330-360 degrees to 0-30 degrees, for display purpose. 
To explore the design space of relief chamber and examine the effects of working condition on the pressure attenuation effects, the volume of the relief chamber in form of the relief chamber to trapped volume ratio (V 1 /V 2 ) is tested from 0 to 10, and the effective fluid bulk modulus in form of volumetric fraction of entrained gas in the oil (V g /V oil ) per unit volume is varied from 0.0001 to 0.1. Since for the current gear geometry settings: maximum hydrodynamic clearance at contact is 1.6 µm and the rest is 5 µm, the trapped pressure reduction at the peaks due to viscous leakage is less than 0.18% of the original value, which is then turned off in the grid search.
The port to port pressure differential is an important design factor for gear pump/motor with relief grooves, but is trivial in this work since the proposed relief chamber is isolated from the intake and outlet. Additionally, due to isolation of the trapped volume, the design results can be applied to either a gear pump or motor. Moreover, since the relief chamber is inside the bearing block, which design volume variation has negligible impact on the cross-port leakage or the volumetric efficiency of the unit, i.e., the volume of the relief chamber can be as large as possible for desired pressure pulsation reduction, if a bearing block is able to hold it geometrically and mechanically.
From observation of the contour of pressure attenuation ratios between the relieved peak pressure and the peak trapped pressure without relief chamber in Fig. 15 , it suggests interesting design considerations. Clearly, the volume of the relief chamber V 1 has significant impact on the pressure attenuation: the reduction effect increases with the size of the relief chamber, which is obvious as greater the volume means larger volume for pressure spike absorption. For example, when V 1 /V 2 is greater than 6, the reduction of peak pressure compared to the original can be over 95%. One can expect as V 1 goes to infinite, so will p 1 /p 2 reduces to zero. However, considering larger V 1 would make the bearing block bulkier, it is quite economical and practical to choose the relief chamber to have a size around one time to triple the size of the trapped volume, as p 1 /p 2 reduces faster when V 1 /V 2 is between 0 and 3, but the slope gets flatter over 3. Compared to the effects of V 1 , the volumetric fraction of entrained gas in the oil or the effective compressibility of the oil as it varies from 0.0001 to 0.1 does not have a drastic effect as the V 1 does. But the trends are as expected, i.e., when the volume is greater, so be the effect of pressure attenuation. Based on Fig. 15 , if one uses relief chamber on a gear pump/motor, the most important design factor is the size. Even considering dimension constraints, and V 1 /V 2 with a value of 1, the relief FIGURE 15. Peak-to-peak pressure attenuation ratios (p 1 /p 2 ) as a function of relief chamber to trapped volume ratio (V 1 /V 2 ) and entrained gas to oil fraction (V g /V oil ) per unit volume.
chamber is still able to provide benefitable pressure attenuation (85%) regardless of the fluid compressibility.
V. CONCLUSION
In this study, a new method to calculate the instantaneous trapped volume of an external gear pump/motor based on morphological operations, and a relief chamber to absorb the cyclic pressure pulses in the trapped volume are proposed. Dynamics system equations are established and solved. Simulation results demonstrate that the morphological approach is capable of tracking the time varying volumetric compression and expansion of the trapped volume, which transforms an analytical integration or mesh generation and matrix inversion problem into simple pixel counting, greatly relax the solution difficulty. Compared to traditional analytical or spatial discretization methods, the proposed pixel integration method is lumped, which is naturally compatible with lumped pressure dynamics. Also, the computational cost is low as no mesh generation, no global matrices assemblies, nor application of boundary conditions at the global matrices are required. Most importantly, the proposed method can calculate the area with a mathematically well-defined or arbitrary profile (e.g., from an acquired image/video of a positive displacement machine during operation) with almost identical effort, since the method performs pixel counting in a binary valued matrix in the mapped integer coordinate space, greatly reducing the difficulty in segmentation and numerical integration in the real coordinate space. Initial results demonstrated that the proposed method is comparable to 3D CFD in trapped pressure calculation, and the proposed relief chamber can absorb the pressure pulses. A series of relief chamber volume and different combinations of the volumetric fraction of entrained gas are simulated. Results show the damping effects are strengthened when the fluid is more compressible and the relief chamber size is greater. In future works, the proposed method will be tested on an external gear pump with damping chamber currently under development.
APPENDIX
A. CONDITION TO MESH
The relative angular position of the two gears requires precision alignment to generate a correct meshing motion. The initial condition for correct gears angular alignment in Fig. 16 are derived. According to definition of Line of Action (LOA) [19] , the point when the teeth come into contact starts at A, where the addendum circle of gear 1 is just in contact with the base circle of gear 2. where r p is the pitch radius, r a is the addendum radius, the subscript 1 or 2 denote its belonging to gear 1 or 2, and the length of LOA, z, is defined based on the pressure angle of gear, γ , and the gear center distance, C: z = 2 r 2 a − r p cos γ 2 − C sin γ (A3)
B. ALGORITHM CONVERGENCE
The temporal resolution has been tested from 82 to 1100 ppi to verify the convergence of algorithm. Fig. 17 shows the relative error between the measured area using the proposed method, A act , and the area solved analytically, A int , which is served as the analytical reference. As the pixel density is greater than 1066 ppi, the result of the algorithm converges to A int . However, as the relative error reduces to near 0% under 1100 ppi, the computation time goes up by 12-13 times compared to that of the 82 ppi case. So for quick design iterations, it is more ''optimal'' to choose a value between 400-500 ppi to satisfy both accuracy (error under 5%) and reasonable computational time, which is around twice that of the 82 ppi case. For an Intel i7 mobile processer rated at 2.81 GHz, when the algorithm is operated on a single core, the total computation time is 88.2 s for a 600 ppi case with 1000 consecutive frames, i.e., the gear rotates 100 degree.
